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1 Estimating Oscillatory Integrals With Stationary Phase

1.1 Estimation in the 1 dimensional case

Proposition 1.1 (stationary phase). Assume ¢ : R — R is smooth and has a non-
degenerate critical points at xq; that is, ¢'(xg) =0 and ¢"(xg) # 0. Assume ¥ : R — C is
smooth and supported in a sufficiently small neighborhood of xo. Then

I\ = / @) da
= eiw(xo)wxo)mei(ﬂﬂ) Sgn(¢"(x0))’¢”(w0)’_1/2’_1/2)\_1/2 + O()\—S/Q)

as A — 00.

Remark 1.1. If we are not interested in the coefficient of the leading order term, then we
can argue as follows: Let a € CZ° be such that

a(z) = {1 7| <1

0 |z[>2

and decompose
I(AN) = Li(A) + I2(A),

L\ = /ei/\qs(“)w(a)a()\lﬂ(x —x9)) dz.
Then

L] < ]loo / a2 (2 — z9))| da
< |tllsellaloo - V2,

L)) = / @y (2)[1 — a(AN? (@ — 20))] d.
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Note that supp(i(z)[1 — a(AY%(z — x¢))]) € {A"Y2 < |2 — x0| Sy 1}. If supp ¢ is such
that ¢'(x) # 0 for x € (suppv) \ {zo}, then integration by parts gives

[Io(A)] S AT Ym > 0.

Proof. Write

0 /!
8(x) = 6(z0) + 0/ abar=0) + 20 (2~ 2)? 1 O(fz — zof").

Rewrite this as

8(z) - dlag) = )

where n(z) = O(]z — z¢|). Let U be a small neighborhood of xy such that

(= @0)*[1 + n(x)],

1. In(z)|<1lforallz € U
2. ¢'(x) £ 0 forall z € U\ {z0}.

Assume suppy C U. Change variables to y(z) = (z — x0)+/1 + n(x). This is a diffeomor-
phism from U to a neighborhood of y = 0. Then

I()) = (@) / NO@ =00l (1)

_ (o) / N (@029 (0 dy,

where 126 C¢® is supported in a neighborhood of y = 0 and ¥(0) = ¥(mg).
Let @Z € C be such that QZ =1 on supp 1; Let A = w Then

1) = X0 [ G0 )]y dy
Using a Taylor expansion, we write
N +1

~ ) 1 N y~
() =D cay’ +y RN ), B = /0 (1-0)" CZ/NH e ) (ty) d.
]:

This leads us to consider 3 terms:

N ~
T= Mo 3, / Ny dy,
=0

II = ¢i*4(z0) / ¢ e Py () [ (y) — 1] dy,
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III = ¢"?(e0) / e eV Y NHLR V91 () dy.

Since %eixyz, we can pull off a factor of y using integration by parts. By picking N to be

large enough, we can get as much decay in III as we want.
Let’s look at I. Note that the terms with j odd vanish. Consider j = 0 and note that
ag = ¥ (xg). The contribution is

ey () / PV dy = M)y (1 — i0) V2 /7.

To see what happens when A — oo, write 1—iX = re’?, wherer = V' 1+ A2 and tano = —\.
Then (1 —i\)~"/2 = 7=1/2¢7%9/2 Then

_ 1 -1/2
T71/2 = <|A| 1 + ~>
)2

B 1 —1/4
= |\ 7V/2 <1 + N)
)\2

- (W(W') 1+ o0-)

2
9 1/2 ”
=(— + O(A9),
() o0
~ 1
tano = -\ = X9 2(350) Azoo, sgn(¢”(z0)) - co.
So o = —sgn(¢”(x0)) - 5, and we get
M) (30) | —orsEnS @O/ O(\~5/2),
Alg" (o)

For j > 2 even,

‘/einyeyzyj dy‘ _ ‘(1 —iX)l/zj/2/6y2yj dy’ < A~ G+1D)/2 < \"3/2.

Now consider II. Note that y s e~ Pn(y) [J (y) —1] is supported away from the origin.
Integration by parts gives
I < A™™ ¥ > 0.

Consider III. Decompose I1I = III; + 1115, where

= ) [ RN R a2 dy
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Then
I, | < / N dy < N2,
ly|<e

The other term is ~
[T, — ¢A9(0) / M YNFUL — a(y/elbly) dy,

where b(y) = e‘yQRN(y)J(y). Integration by parts gives

. - d 1 \™
11T, = (@) / e’ <dy 2@Xy) [y (1 — ay/eb(y)] dy,

SO

yN+1_a1€_a2a(a2) (y/E)b(OB) (y)

1 m
LIRS D DD

ym-l—k
k=0 a1+az+az=m—~k I
1
N+1—-2m
Sm Aim ’y| dy
ly|>e
N+2-2m
<&
it m > % Now choose ¢ such that
N+2-2m
N+2 _ =\ 1/2
>\m

to get |IIT| < \-(N+2)/2 < \=3/24f N > 1.
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